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Constrained optimization:
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Constrained optimization:

min F(z) = E [f(=z,2)] Subject to: x € X,
x zEP

where f(-, z), F are C%-smooth.
Prior work:
® SAA has asymptotic normality and it is “optimal”.*
® No known practical online first-order method is “optimal”.
® Dual averaging was shown to be suboptimal.’

® “Projected SGD” conjectured not asymptotically normal/optimal.®

Question:

Is there a gap between offline and first-order online algorithms
for constrained optimization?

4(Dupacova-Wets ’88), (Shapiro ’89), (King-Rockafellar *93)
% (Duchi-Ruan ’18)
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Figure: Empirical vs Gaussian
Observations:

® Vk(Zy — x*) converges in distribution to a Gaussian.
® The covariance matrix is singular.

® The range of the Gaussian is tangent to the circle.
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where {gi}ic(m) are smooth. x* is the
solution.
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Main idea of our approach

Projected SGD:

T

Trt1 = Projy (zr — 'V f (T, 2))- Pr(zy)

Challenge:
Proj, is nondifferentiable and nonlinear.

Our approach:
Instead of tracking {zx}, we consider the

shadow sequence: yr = Paq(xk).

Key steps:
® Sharp growth implies xx reaches M quickly.
° — Vk(Zx — z*) and VE(Jr — =*) have same asymp. dist.
® The shadow sequence follows the dynamics:
ki1 =Yk — ok Vauf Uk, 2x) +0(ak)
———— N
smooth dynamics error

“Approximate Riemannian SGD”
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k
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VE(Ex —2*) 2 N(0,H' - Cov(Vf(a*,2))- H'), where T =
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5(Duchi-Ruan ’18)
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Main theorem

If o, = ok for B € (%, 1) and xr — z*, under standard noise conditions,

k
Vh(@k — 2*) = N(0,H' - Cov(Vf(2*,2) - H'), where &, = % >

w=1l

and H = PTM(w*)viz‘C(x*,y*)PTM(w*)

H is the “Riemannian Hessian”.
e Covariance known to be “optimal”.®
® Same result holds for Riemannian SGD.

® Surprising: Unlike Riemannian SGD, we do not know M.

Results extend to the stochastic subgradient method and stochastic
proximal gradient method

5(Duchi-Ruan ’18)
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Conclusion

® Closed the gap between offline and first-order online algorithms for
stochastic nonlinear programming.

® Results adapt to nonsmooth stochastic approximation.

® Key idea: shadow sequence = approximate Riemmanian gradient
sequence.

® Qur related work used shadow sequence shows that SGD escapes
saddle points of nonsmooth/constrained problems”
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More examples

Unconstrained examples:

® The objective itself can be nonsmooth:

min F(z) = E [f(z,2)] + Mz]|1.
x z€P

® Generic semi-algebraic functions

Stochastic variational inequalities:
We consider the task of finding a solution z* of the inclusion

0€ E [A(z, 2)] + Nx(z),
z€P

where A(-, z) is a smooth map for almost every z ~ P.

Stochastic equilibrium problem:

Nash equilibria * = (z7,...,z,) of stochastic games are solutions of the
system
z} € argmin E [f;(z,2)], forall j=1,...,m.
z;EX; z€EP

If we let A(z,z) be a map that [A(z, 2)]; = Vg, fi(z, 2), and
X =X X Xy X ...x X, the problem becomes stochastic variational
inequalities.
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